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The genomic duplication is a DNA recombination problem
due to unequal crossing over
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Previous approaches to duplication languages:

• J. Dassow and V. Mitrana , 1997  (together with A. Salomaa, 2002) :  genomic operations
over strings and languages (transpositions, duplications, inversions, cross over, etc)

• C. Martín-Vide and Gh. Paun,1999 : Duplication Grammars

• V. Mitrana and G. Rozenberg, 1999: Properties of Duplication Grammars

• J. Dassow, V. Mitrana, G. Paun, 1999: Regularity of duplication closure

• M. Wang, 2000: Irregularity of duplication closure

• P. Leupold, V. Mitrana, J.M. Sempere, 2004: Properties of (restricted) duplication languages

• P. Leupold, C. Martín-Vide, V. Mitrana, 2005: Uniformly Bounded duplication languages

• P. Leupold, V. Mitrana, 2007: Uniformly Bounded duplication codes
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Duplication Languages D*(w)

𝐷𝐷 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢,𝑢𝑢, 𝑥𝑥, 𝑣𝑣 ∈ 𝑉𝑉∗ }

• 𝐷𝐷0 𝑤𝑤 = 𝑤𝑤

• 𝐷𝐷𝑖𝑖 𝑤𝑤 = ⋃𝑥𝑥 ∈𝐷𝐷𝑖𝑖−1(𝑤𝑤)𝐷𝐷(𝑥𝑥) 𝑖𝑖 ≥ 1

𝐷𝐷∗ 𝑤𝑤 = �
𝑖𝑖≥ 0

𝐷𝐷𝑖𝑖(𝑤𝑤)

Let V be an alphabet

𝑝𝑝 𝛼𝛼 𝛽𝛽 𝑦𝑦

𝑧𝑧 𝛾𝛾 𝛿𝛿 𝑡𝑡



On the regularity of duplication language D*(w)
(Dassow, Mitrana & Paun, 1999)

Th. If w is a string over a two-letter alphabet then D*(w) is a regular language

𝑤𝑤 = 𝑎𝑎1𝑎𝑎2 …𝑎𝑎𝑛𝑛

𝐷𝐷∗ 𝑤𝑤 = {𝑤𝑤1𝑎𝑎1𝑤𝑤2𝑎𝑎2 …𝑤𝑤𝑛𝑛−1𝑎𝑎𝑛𝑛−1𝑤𝑤𝑛𝑛𝑎𝑎𝑛𝑛 |
𝑤𝑤1 ∈ 𝑎𝑎1∗ ,
𝑤𝑤𝑛𝑛+1 ∈ 𝑎𝑎𝑛𝑛∗ ,
𝑤𝑤𝑖𝑖 ∈ 𝑎𝑎𝑖𝑖∗ for 𝑎𝑎𝑖𝑖−1 = 𝑎𝑎𝑖𝑖 ,
𝑤𝑤𝑖𝑖 ∈ 𝑉𝑉∗ for 𝑎𝑎𝑖𝑖−1 ≠ 𝑎𝑎𝑖𝑖 , 2 ≤ 𝑖𝑖 ≤ 𝑛𝑛}



On the irregularity of duplication language D*(w)
(M. Wang, 2000)

Th. Suppose w is a word containing at least three distinct letters. Then D*(w) is not regular.

𝑤𝑤 = 𝑎𝑎𝑎𝑎𝑎𝑎 and 𝑉𝑉 is an alphabet.
If 𝑢𝑢 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 then there exists 𝑣𝑣′ ∈ 𝑉𝑉∗ such that 𝑢𝑢𝑢𝑢′ ∈ 𝐷𝐷∗(𝑤𝑤)

Suppose  𝑢𝑢 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑢𝑢′ is square free. Let 𝑣𝑣 be a shortest word such that 𝑢𝑢𝑢𝑢 ∈ 𝐷𝐷∗(𝑤𝑤). Then

𝑣𝑣 ≥ log2( ⁄𝑢𝑢 3)

Through Myhill-Nerode’s characterization we can construct an infinite sequence of pairwise
inequivalent strings



Bounded and unbounded duplication languages
(Leupold, Mitrana & Sempere, 2004)

An equivalent definition of (un)bounded duplication languages

𝑋𝑋 ∈ ℕ ∪ 𝑘𝑘 𝑘𝑘 ≥ 1 }

𝐷𝐷𝑋𝑋 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢, 𝑢𝑢, 𝑥𝑥, 𝑣𝑣 ∈ 𝑉𝑉∗, 𝑥𝑥 ∈ 𝑋𝑋 }

• 𝐷𝐷𝑋𝑋0 𝑤𝑤 = 𝑤𝑤

• 𝐷𝐷𝑋𝑋𝑖𝑖 𝑤𝑤 = ⋃𝑥𝑥 ∈ 𝐷𝐷𝑋𝑋
𝑖𝑖−1(𝑤𝑤)𝐷𝐷𝑋𝑋(𝑥𝑥) 𝑖𝑖 ≥ 1

𝐷𝐷𝑋𝑋∗ 𝑤𝑤 = �
𝑖𝑖≥ 0

𝐷𝐷𝑋𝑋𝑖𝑖 (𝑤𝑤)

𝐷𝐷ℕ∗ 𝑤𝑤

𝐷𝐷[𝑘𝑘]
∗ 𝑤𝑤

the unbounded duplication language

the k-bounded duplication language



On the context-freeness of k-bounded duplication language D*(w)
(Leupold, Mitrana & Sempere, 2004)

Th. For any word w and any positive integer k,  𝐷𝐷 𝑘𝑘
∗ 𝑤𝑤 is context-free

A pushdown automaton based on a set of states in the form

𝜇𝜇
𝑣𝑣
𝑤𝑤 pattern

memory
guess



First Open Problem

For any string 𝑤𝑤 with at least three distinct symbols …
how is the (non-regular) duplication language 𝐷𝐷∗ 𝑤𝑤 ?  
(is it context-free, context-sensitive, … ?)



Compensation (deletion) loops
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An scheme for compensation (deletion) loops formation

𝛼𝛼 𝛽𝛽 𝛾𝛾 𝛿𝛿

𝛼𝛼 𝛽𝛽 𝛾𝛾 𝛿𝛿

𝛼𝛼 𝛽𝛽 𝛽𝛽 𝛿𝛿𝛾𝛾

𝛼𝛼 𝛽𝛽

𝛽𝛽

𝛿𝛿𝛾𝛾

(1) 

(2) 

(3) 

𝛼𝛼 𝛽𝛽 𝛾𝛾 𝛿𝛿

𝛽𝛽
(4) 



Duplication Languages with compensation loops 𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤)

• 𝐷𝐷𝑐𝑐𝑐𝑐0 𝑤𝑤 = 𝑢𝑢𝑢𝑢 𝑥𝑥 𝑣𝑣 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢, 𝑢𝑢, 𝑥𝑥, 𝑣𝑣 ∈ 𝑉𝑉∗}

𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤) = �
𝑖𝑖≥ 0

𝐷𝐷𝑐𝑐𝑐𝑐𝑖𝑖 (𝑤𝑤)

Let V be an alphabet without bracket symbols [ and ]

𝑤𝑤 = 𝑥𝑥1 𝑤𝑤1 𝑥𝑥2 𝑤𝑤2 … 𝑥𝑥𝑛𝑛[𝑤𝑤𝑛𝑛]
𝑧𝑧 = 𝑥𝑥1 𝑧𝑧1 𝑥𝑥2 𝑧𝑧2 … 𝑥𝑥𝑛𝑛[𝑧𝑧𝑛𝑛]

shuffle with common segments

𝑠𝑠𝑠𝑠𝑠𝑠(𝑤𝑤, 𝑧𝑧) = 𝑥𝑥1 𝑤𝑤1𝑧𝑧1 𝑥𝑥2 𝑤𝑤2𝑧𝑧2 … 𝑥𝑥𝑛𝑛[𝑤𝑤𝑛𝑛𝑧𝑧𝑛𝑛]

• 𝐷𝐷𝑐𝑐𝑐𝑐𝑖𝑖 𝑤𝑤 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥,𝑦𝑦 𝑥𝑥,𝑦𝑦 ∈ 𝐷𝐷𝑐𝑐𝑐𝑐𝑖𝑖−1 𝑤𝑤 }, 𝑖𝑖 ≥ 1}



Duplication Languages with compensation loops 𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤)

An example

𝐷𝐷𝑐𝑐𝑐𝑐0 𝑎𝑎𝑎𝑎𝑎𝑎 = {𝑎𝑎𝑎𝑎𝑎𝑎, 𝑎𝑎 𝑎𝑎 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 𝑏𝑏 𝑐𝑐, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐 ,𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝑐𝑐, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑏𝑏 , 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 }

𝑤𝑤 = 𝑎𝑎𝑎𝑎𝑎𝑎

𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎 𝑎𝑎 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝑐𝑐 = 𝑎𝑎 𝑎𝑎 𝑏𝑏 𝑎𝑎𝑎𝑎 𝑐𝑐 ∈ 𝐷𝐷𝑐𝑐𝑐𝑐1 (𝑎𝑎𝑎𝑎𝑎𝑎)

An erasing morphism h such that ℎ = ℎ = 𝜆𝜆

ℎ(𝑎𝑎 𝑎𝑎 𝑏𝑏 𝑎𝑎𝑎𝑎 𝑐𝑐) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎



Duplication Languages with compensation loops 𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤)

Property 1. For any arbitrary alphabet V and any string 𝑤𝑤 ∈ 𝑉𝑉+,ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤 ) is regular

ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤) can be denoted by the following regular expression

Let 𝑤𝑤 = 𝑤𝑤1𝑤𝑤2 …𝑤𝑤𝑛𝑛 with 𝑤𝑤𝑖𝑖 ∈ 𝑉𝑉

𝑤𝑤1(𝑤𝑤1)∗𝑤𝑤2(𝑤𝑤2 + 𝑤𝑤1𝑤𝑤2)∗𝑤𝑤3(𝑤𝑤3 + 𝑤𝑤2𝑤𝑤3 + 𝑤𝑤1𝑤𝑤2𝑤𝑤3)∗ …𝑤𝑤𝑛𝑛(𝑤𝑤𝑛𝑛 + ⋯+ 𝑤𝑤1𝑤𝑤2 …𝑤𝑤𝑛𝑛)∗

ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑎𝑎𝑎𝑎𝑎𝑎) is denoted by 𝑎𝑎𝑎𝑎∗𝑏𝑏(𝑏𝑏 + 𝑎𝑎𝑎𝑎)∗𝑐𝑐(𝑐𝑐 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎𝑎𝑎)∗
𝑤𝑤 = 𝑎𝑎𝑎𝑎𝑎𝑎



Duplication Languages with compensation loops 𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤)

Property 2. The following two statements are true

1) For any alphabet V with card(V)=1 and 𝑤𝑤 ∈ 𝑉𝑉+, ℎ 𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤 = 𝐷𝐷∗ 𝑤𝑤
2) For any alphabet V with card(V) > 1 there exists 𝑤𝑤 ∈ 𝑉𝑉+ such that

ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ (𝑤𝑤)) ⊊ 𝐷𝐷∗(𝑤𝑤)

1) is trivial given that if 𝑤𝑤 = 𝑎𝑎𝑛𝑛 then ℎ 𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑎𝑎𝑛𝑛 = 𝐷𝐷∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛𝑎𝑎∗

To prove 2), take 𝑤𝑤 = 𝑎𝑎𝑎𝑎𝑎𝑎 and the following duplicated string sequence

𝑎𝑎𝑎𝑎𝑎𝑎 ⊨ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ⊨ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

that does not belong to the language ℎ 𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎∗𝑏𝑏(𝑏𝑏 + 𝑎𝑎𝑎𝑎)∗𝑎𝑎(𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎𝑎𝑎)∗



An scheme for dynamic compensation loops formation

𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑

𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑

(1) (2) 

(3) 

𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑

𝑏𝑏

(4) 

𝑐𝑐

𝑏𝑏 𝑐𝑐

𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑

𝑏𝑏𝑏𝑏 (5) 

𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑

𝑏𝑏𝑏𝑏



Duplication Languages with dynamic compensation loops 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ (𝑤𝑤)

• 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑0 𝑤𝑤 = 𝑢𝑢𝑢𝑢 𝑥𝑥 𝑣𝑣 𝑤𝑤 = 𝑢𝑢𝑢𝑢𝑢𝑢, 𝑢𝑢, 𝑥𝑥, 𝑣𝑣 ∈ 𝑉𝑉∗}

𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ (𝑤𝑤) = �
𝑖𝑖≥ 0

𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 (𝑤𝑤)

Let V be an alphabet without bracket symbols [ and ]

𝑤𝑤 = [𝑤𝑤0]𝑥𝑥1 𝑤𝑤1 𝑥𝑥2 𝑤𝑤2 … 𝑥𝑥𝑛𝑛[𝑤𝑤𝑛𝑛]
𝑧𝑧 = [𝑧𝑧0]𝑥𝑥1 𝑧𝑧1 𝑥𝑥2 𝑧𝑧2 … 𝑥𝑥𝑛𝑛[𝑧𝑧𝑛𝑛]

generalized shuffle with common segments

𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑤𝑤, 𝑧𝑧 = { [𝜂𝜂0]𝑥𝑥1 𝜂𝜂1 𝑥𝑥2 𝜂𝜂2 … 𝑥𝑥𝑛𝑛 𝜂𝜂𝑛𝑛 | 𝜂𝜂0𝑥𝑥1𝜂𝜂1𝑥𝑥2𝜂𝜂2 … 𝑥𝑥𝑛𝑛𝜂𝜂𝑛𝑛 = 𝑤𝑤0𝑧𝑧0𝑥𝑥1𝑤𝑤1𝑧𝑧1 … 𝑥𝑥𝑛𝑛𝑤𝑤𝑛𝑛𝑧𝑧𝑛𝑛}

• 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 𝑤𝑤 = ⋃𝑥𝑥,𝑦𝑦 ∈𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑
𝑖𝑖−1(𝑤𝑤)𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑥𝑥,𝑦𝑦 , 𝑖𝑖 ≥ 1}



Duplication Languages with dynamic compensation loops 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ (𝑤𝑤)

An example

𝑤𝑤 = 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝑏𝑏 𝑏𝑏𝑏𝑏 𝑐𝑐 𝑏𝑏𝑏𝑏

𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑤𝑤, 𝑧𝑧) contains, among others, the following strings

𝑥𝑥1 = 𝑎𝑎 𝑎𝑎 𝑏𝑏 𝑎𝑎𝑎𝑎 𝑏𝑏 𝑏𝑏𝑏𝑏 𝑐𝑐 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

z = 𝑎𝑎 𝑎𝑎 𝑏𝑏𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐

𝑥𝑥2 = 𝑎𝑎 𝑎𝑎 𝑏𝑏𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑐𝑐

𝑥𝑥3 = 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑏𝑏 𝑐𝑐𝑐𝑐 𝑐𝑐

ℎ 𝑥𝑥1 = ℎ 𝑥𝑥2 = ℎ 𝑥𝑥3 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎



Duplication Languages with dynamic compensation loops 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ (𝑤𝑤)

Property 3. Let V be an alphabet with at least two symbols. Then there exists 𝑤𝑤 ∈ 𝑉𝑉+such
that ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤 ) ⊊ ℎ(𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ 𝑤𝑤 )

ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤) can be denoted by the regular expression 𝑎𝑎𝑎𝑎∗𝑏𝑏(𝑏𝑏 + 𝑎𝑎𝑎𝑎)∗

Let 𝑤𝑤 = 𝑎𝑎𝑎𝑎

𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 ,𝑎𝑎 𝑎𝑎 𝑏𝑏 ∈ 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑0 (𝑎𝑎𝑎𝑎)

𝑎𝑎 𝑎𝑎 𝑏𝑏 𝑎𝑎𝑎𝑎 ∈ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎 𝑎𝑎 𝑏𝑏, 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 )
𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 ∈ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎 𝑎𝑎 𝑏𝑏, 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 ) 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑1 (𝑎𝑎𝑎𝑎)

𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 ∈ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏, 𝑎𝑎[𝑎𝑎𝑎𝑎𝑎𝑎]𝑏𝑏) 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑2 (𝑎𝑎𝑎𝑎)

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ∈ ℎ 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ 𝑤𝑤 − ℎ(𝐷𝐷𝑐𝑐𝑐𝑐∗ 𝑤𝑤 )



Duplication Languages with dynamic compensation loops 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ (𝑤𝑤)

Property 4. Let V be an arbitrary alphabet with at least three symbols. Then there exists
𝑤𝑤 ∈ 𝑉𝑉+such that ℎ(𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ 𝑤𝑤 ) ⊊ 𝐷𝐷∗ 𝑤𝑤

Let 𝑤𝑤 = 𝑎𝑎𝑎𝑎𝑎𝑎 and we obtain the following duplicated string

𝑎𝑎𝑎𝑎𝑎𝑎 ⊨ 𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑏𝑏𝑏𝑏 ⊨ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

How can 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 be obtained from 𝑎𝑎𝑎𝑎𝑎𝑎 by duplication with dynamic compensating loops ?

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

a symbol 𝑎𝑎 cannot be inserted between the symbols 𝑐𝑐

a symbol 𝑐𝑐 cannot be inserted between the symbols 𝑎𝑎



More Open Problem

• For any string 𝑤𝑤 ∈ 𝑉𝑉+ what is the most restrictive language class for ℎ 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ 𝑤𝑤 ?

• For any string w with two different symbols is ℎ 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑∗ 𝑤𝑤 = 𝐷𝐷∗ 𝑤𝑤 ?
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